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ON WHITEHEAD’S FIRST FREE-GROUP ALGORITHM,
CUTVERTICES, AND FREE-PRODUCT FACTORIZATIONS
WARREN DICKS*
Abstract. Let F be any nontrivial, finite-rank, free group, and R be any finite set that con-
sists of elements of F and conjugacy classes of F . We show that the output of Whitehead’s
(fast) cutvertex algorithm is a longest possible sequence H1, H2, . . . , Hn of nontrivial sub-
groups of F such that one hasH1∗H2∗ · · · ∗Hn = F and each element of R equals-or-contains
an element of anHi. Richard Stong showed this in the case where R consists of elements of F
or conjugacy classes of F , thereby unifying and generalizing results of John Berge, Mladen
Bestvina, Herbert Lyon, Abe Shenitzer, John Stallings, Edith Starr, and J.H.C.Whitehead.
Our proof is graph-theoretic, set in a tricoloured Cayley tree.
1. Outline and background
Throughout this article, let F be any finite-rank free group, X be any F-basis, and R be
any finite set that consists of nontrivial F-elements and nontrivial F-conjugacy classes. (An
F-basis is a free-generating set for F , an F-element is an element of F , an F-conjugacy class
is a conjugacy class of F , and an F-conjugacy class is nontrivial if it is the conjugacy class
of a nontrivial F-element. Repetition of elements in R is allowed, but is rather pointless.)
For any familyH of subgroups of F , we write∗H := ∗
H∈H
H. If the natural map∗H → F
is an isomorphism, then H is said to be an F-factorization and the elements of H are called
the factors ; here, if each factor is nontrivial, then H = {〈P 〉 : P ∈ P} for some partition P
of some F -basis. We shall sometimes find it convenient to refer to the expression ∗H as an
F-factorization.
An F-factorization is said to be R-allotting if each factor is nontrivial and each element
of R equals-or-contains an element of a factor.
An R-allotting F -factorization H is said to be an atomic R-allotting F-factorization if no
proper free-product refinement of ∗H is an R-allotting F-factorization. Since F has finite
rank, atomic R-allotting F-factorizations exist, and we want to be able to find one.
In Section 2, we shall see that the atomic R-allotting F-factorizations all partition R in
the same way and all have the same number of factors; for the purposes of Background 1.1,
let us call this number the R-allotting-rank of F and note that if R is an F -sub-basis (a
subset of an F-basis), then, clearly, the R-allotting-rank of F equals the rank of F . We
shall see also that when R is a subset of F , each atomic R-allotting F-factorization gives the
unique inclusion-smallest free-product factor of F which includes R; this is all it gives when
|R| = 1, as we may then assume that R is a subset of F .
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In Section 3, we note that if P is the finest partition of X which respects the X-support
of each element of R, then ∗
P∈P
〈P 〉 is the unique atomic (R ∪X)-allotting F-factorization.
In Section 4, using a graph-theoretic condition introduced by Whitehead(1936A, p.50), we
define R-cutvertex-free F -bases. Sections 5 and 6 are then independent of each other.
In Section 5, using a procedure introduced by Whitehead(1936A, pp.50–52), we define
Whitehead’s cutvertex algorithm, which inputs the pair (X,R) and outputs an R-cutvertex-
free F-basis; by an algorithm we mean a procedure with choices whose possible outputs
have some specified property. For Background 1.1, we define R-minimizing F -bases, observe
that they are R-cutvertex-free, and present the (group-theoretic) minimizing algorithm of
Whitehead(1936A, p.52), which inputs (X,R) and outputs an R-minimizing F -basis.
In Section 6, we prove the strengthened cutvertex lemma, which says that if X is R-cutver-
tex-free, then the (easily constructed) atomic (R ∪X)-allotting F-factorization is an atomic
R-allotting F-factorization. Stong(1997) obtained the case where R consists of F-elements
or F-conjugacy classes. Our proof extends the coloured-Cayley-tree proof by Dicks(2014) of
the case where R consists of F-elements. Alternatively, one could extend the elegant folding
proof by Heusener &Weidmann(2014) of the case where R consists of F-conjugacy classes.
In summary, we show that Whitehead’s (fast) cutvertex algorithm inputs the pair (X,R)
and outputs an atomic R-allotting F-factorization.
1.1. Background. It follows easily from the strengthened cutvertex lemma that if the
R-allotting-rank of F equals the rank of F and X is R-cutvertex-free, then ∗
x∈X
〈x〉 is
the atomic (R ∪X)-allotting F-factorization. In particular, if R is an F -sub-basis and
X is R-cutvertex-free, then R ⊆ X ∪X−1; this result is due to Whitehead(1936A, Lemma),
and we call it Whitehead’s cutvertex lemma. His proof used three-manifold models. Ger-
sten(1984, Example) announced that he had found a graph-theoretic proof, and Hoare(1988,
Theorem 3) later provided one. Whitehead(1936A, Theorem) observed that his minimizing
algorithm determines whether or not a given set of F -elements is an F -sub-basis, and that
a corresponding statement holds for a given set of F -conjugacy classes. I believe that his
cutvertex algorithm gives the fastest ‘sub-basis test’ currently known, but it has been some-
what overlooked, largely because Whitehead(1936B, Theorem 3) later gave a much broader
application for his minimizing algorithm. If matches had been invented after the cigarette
lighter, they would have been the sensation of the twentieth century, and if Whitehead
had written (1936A) after (1936B), every subsequent sub-basis test would have included a
mandatory comparison with his cutvertex algorithm.1
The twentieth century saw a succession of other cases of the strengthened cutvertex lemma.
• Shenitzer(1955, Corollary) proved the case where |R| = 1 and X is R-minimizing.
• Lyon(1980, Theorem 1) proved the case where R consists of F -elements or F -conjugacy
classes and X is R-minimizing.
• Arguments of Starr(1992) in the form distilled by Wu(1996, Section 1), combined with
a result of Lyon(1980, Theorem2), prove the case where R is the set of F -conjugacy
classes determined by a finite set of disjoint simple closed curves on the boundary
of a handlebody with fundamental group F ; here, Whitehead’s cutvertex algorithm
1The marvellous Quote Investigator gives several published variants of the matches quip, the earliest of
which carries an attribution to Charles Norris. https://quoteinvestigator.com/2017/12/06/matches/
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slices through the handlebody avoiding the curves. Stallings(1999, Section 3) gave a
self-contained exposition of this case.
• In 1993, John Berge proved the case where |R| = 1, by using Whitehead’s models; see
Stallings(1999, Corollary 2.5). Independently, Mladen Bestvina proved the same case,
by using infinite paths in Cayley trees; see Martin(1995, Theorem49).
• Stong(1997, Theorems 10 and 3) proved the case where R consists of F -elements or
F -conjugacy classes, by using handlebodies and bi-infinite paths in Cayley trees respec-
tively. Independently, Stallings(1999, Theorem2.4) proved the case where R consists
of F -conjugacy classes, by using Whitehead’s models. 
2. Atomic R-allotting F-factorizations
Recall that F is a finite-rank free group and R is a finite set that consists of nontrivial
F -elements and nontrivial F -conjugacy classes.
2.1. Definitions. If H is any F-factorization, then, for any H1, H2 ∈ H and g1, g2 ∈ F , if
g1H1 ∩
g2H2 6= {1} in F , then g1H1 = g2H2 in F , and H1 = H2 in H and in F ; for example,
this follows from the result of Serre(1977, I.5.3.12) that if H 6= ∅, then the disjoint union of
the left F-sets F/H , H ∈ H, is the vertex-set of a left F-tree with trivial edge stabilizers.
Recall that an F-factorization H is said to be R-allotting if {1} 6∈ H, each F-element
r ∈ R belongs to some H ∈ H, and each F-conjugacy class r ∈ R contains an element of
some H ∈ H, which implies that r ∩H is an H-conjugacy class; we now see that, in each
case, the H ∈ H is uniquely determined by r, and we shall say that r is allotted to the
factor H . For each H ∈ H, we write R|H,H or R|H to denote the set of elements of R
which are allotted to H , sometimes viewed as H-elements and H-conjugacy classes. Then
{R|H : H ∈ H} − {∅} is a partition of R.
If F = {1}, then R = ∅ and ∅ is the unique R-allotting F-factorization. If F 6= {1}, then
{F} is an R-allotting F-factorization; if it is the only one, then we say that F is an R-atom.
Thus, an R-allotting F-factorizationH is atomic if and only each H ∈ H is an R|H -atom. 
2.2.Proposition. All the atomic R-allotting F-factorizations induce the same partition of R.
They all have the same factor to which r ∈ R is allotted, if r is an F-element. They all have
the same left F-conjugacy orbit of the factor to which r ∈ R is allotted, if r is an F-conjugacy
class. The factors to which no elements of R are allotted have rank one.
Proof. Consider any two atomic R-allotting F-factorizations H and K, and any H ∈ H.
The subgroup theorem of Kurosch(1934) gives an H-factorization
(2.2.1) H0 ∗ ∗
K∈K
∗
a∈AH,K
(H ∩ aK)
where H0 is a certain subgroup ofH such that H0−{1} is disjoint from every left F-conjugate
of every element of K, and, for each K ∈ K, AH,K is a certain subset of F such that 1 ∈ AH,K
and the map AH,K → H\F/K, a 7→ H·a·K, is bijective. See Serre(1977, I.5.5.14).
Consider any r ∈ R|H,H. There exists a (necessarily unique) K ∈ K such that if r is an
F -element, then r ∈ H and r ∈ K, while if r is an F -conjugacy class, then r contains an
H-element h and a K-element k. In the former event, r ∈ H ∩ 1K. In the latter event,
since r is an F-conjugacy class, h = gk for some g ∈ F , and then g = h′·a·k ′ for some
(h′, a, k ′) ∈ H × AH,K ×K, and then r contains
h′−1h = a·k
′
k ∈ H ∩ aK. Thus, we obtain an
R|H,H-allotting H-factorization by omitting from (2.2.1) all the trivial factors.
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Since H is an atomic R-allotting F-factorization, H is an R|H,H-atom, and there are
three possibilities. If R|H,H = ∅, then H has rank one. If R|H,H contains an H-element, then
H = H ∩K and R|H,H ⊆ R|K,K; by symmetry, K = K ∩H = H and R|H,H = R|K,K. If R|H,H
is nonempty and consists of H-conjugacy classes, then H = H ∩ aK and R|H,H ⊆ R|K,K; by
symmetry, K is also included in a left F-conjugate of H , and we see that H = aK and
R|H,H = R|K,K. The result now follows. 
3. Atomic (R ∪X)-allotting F-factorizations
Recall that F is a finite-rank free group, X is an F-basis, and R is a finite set that consists
of nontrivial F -elements and nontrivial F -conjugacy classes.
3.1. Definitions. Set X±1 := X ∪X−1.
An X±1-sequence σ is any ℓ-tuple (x1, x2, . . . , xℓ) of elements of X
±1 for any finite cardi-
nal ℓ. We set X-length(σ) := ℓ and X-support(σ) := {x1, x2, . . . , xℓ}
±1 ∩X . We say that an
F -element r possesses σ if x1x2 · · ·xℓ = r, and that an F -conjugacy class r possesses σ if
x1x2 · · ·xℓ ∈ r. We say that σ is reduced if xi 6= x
−1
i−1 for each i ∈ {2, 3, . . . , ℓ}, and that σ is
cyclically reduced if (x1, x2, . . . , xℓ, x1, x2, . . . , xℓ) is reduced.
Each F -element r possesses a unique reduced X±1-sequence σ, called the reduced
X±1-sequence for r. Each F -conjugacy class r possesses a cyclically reduced X±1-se-
quence σ, and it is unique up to cyclic permutation. In each of these two cases, we set
X-length(r) := X-length(σ) and X-support(r) := X-support(σ).
We set X-length(R) :=
∑
r∈R
X-length(r) and X-support(R) :=
⋃
r∈R
X-support(r) ⊆ X . 
3.2. Definitions. For a set S of subsets of X such that S = ∅ if X = ∅, the finest partition
of X which respects S is the finest partition P of X such that, for each S ∈ S, there exists
P ∈ P such that S ⊆ P . Thus, the intersection of all those equivalence relations on X
that include
⋃
S∈S
(S × S) is the equivalence relation
⋃
P∈P
(P × P ). We may define a procedure
whereby if a set of subsets of X has two overlapping elements, then we may replace those two
with their union and obtain a new set of subsets of X . If we start with S ∪
{
{x} : x ∈ X
}
and repeat this procedure as often as possible, we obtain P. 
We next see that in searching for an atomic R-allotting F-factorization, we may as-
sume that F is an (R ∪X)-atom, that is, {X} is the finest partition of X which respects
{X-support(r) : r ∈ R}.
3.3. Proposition. Let P be the finest partition of X which respects {X-support(r) : r ∈ R}.
Then H :=
{
〈P 〉 : P ∈ P
}
is the unique atomic (R ∪X)-allotting F-factorization. For each
H ∈ H, X|H is the H-basis in P, R|H is a finite set that consists of nontrivial H-elements
and nontrivial H-conjugacy classes, and H is an (R|H ∪X|H)-atom.
Proof. Let K be any atomic (R ∪X)-allotting F-factorization. Since K is X-allotting, we
have a partition {X|K : K ∈ K} − {∅} of X . For each K ∈ K, X|K = X ∩K is clearly a
basis of the subgroup 〈X|K〉 of K. Then
∗
K∈K
〈X|K〉 = 〈X〉 = F = ∗
K∈K
K.
It follows by a normal-form argument that, for each K ∈ K, 〈X|K〉 = K; hence, X|K is a
K-basis, and, hence, X|K 6= ∅. Thus, X := {X|K : K ∈ K} is a partition of X . As K is
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also R-allotting, {R|K : K ∈ K} − {∅} is a partition of R, and, for each K ∈ K, R|K con-
sists of K-elements and K-conjugacy classes, which means precisely that, for each r ∈ R|K ,
X-support(r) ⊆ X|K ∈ X. From the atomicity of K, we see that X is the finest partition of X
which respects {X-support(r) : r ∈ R}. The result is now clear. 
4. R-cutvertex-free F -bases
4.1. Definitions. By a graph Γ, we mean a set V together with a subset E of V×V . Then
V is called the vertex-set of Γ, denoted VΓ, and its elements are called Γ-vertices, while E is
called the edge-set of Γ, denoted EΓ, and its elements are called Γ-edges. We say that an
element (v, w) of V× V touches v and w, and joins v to w and w to v; we extend the usage
to subsets of V , and say, for example, that (v, w) joins v to any subset of V containing w.
Following Whitehead, we call a Γ-vertex v a Γ-cutvertex if V−{v} equals the union of two
disjoint, nonempty subsets V1 and V2 such that no Γ-edge joins V1 to V2. For any set A and any
map χ : V → A, v 7→ χ(v), we say that an element (v, w) of V×V is χ-split if χ(v) 6= χ(w),
and is χ-bonded if χ(v) = χ(w); here, if v is a Γ-vertex such that |χ(V−{v})| = 2 and each
χ-split Γ-edge touches v, then v is a Γ-cutvertex, and this characterizes Γ-cutvertices. 
4.2. Definitions. We write ι({1} ∪X±1) to denote a set given with a bijective map
ι : {1} ∪X±1 → ι({1} ∪X±1), x 7→ ιx. For each x ∈ {1} ∪X±1, we set τx := ι(x−1). In
particular, τ1 = ι1. By an X-turn, we mean an element of
(
ι({1} ∪X±1)
)
×
(
ι({1} ∪X±1)
)
.
Each F -element r possesses a unique reduced X±1-sequence (x1, x2, . . . , xℓ); we set
x0 := xℓ+1 := 1 and X-turns(r) := {(τxi, ιxi+1) : 0 6 i 6 ℓ}. Thus, X-turns(1) = {(τ1, ι1)}.
Each F -conjugacy class r possesses a cyclically reduced X±1-sequence (x1, x2, . . . , xℓ), and
it is unique up to cyclic permutation. If ℓ > 1, we view these subscripts as elements of Z/ℓZ,
and set X-turns(r) := {(τxi, ιxi+1) : i ∈ Z/ℓZ}, while if ℓ = 0, we set X-turns(r) := ∅. It is
not difficult to see that, for each g ∈ r, X-turns(r) ⊆ X-turns(g2).
We set X-turns(R) :=
⋃
r∈R
X-turns(r). The elements of X-turns(R) are called the X-turns
of R, and similarly for any element of R. We write W(X,R) to denote the graph2 such that
VW(X,R) is the set of elements of ι({1} ∪X±1) which are touched by some X-turn of R and
EW(X,R) := X-turns(R). Thus, each vertex is touched by some edge. Also, ι1 ∈ VW(X,R)
if and only if R contains an F -element. Since no element of R is trivial, no edge joins a
vertex to itself. If R = ∅, then W(X,R) is the empty graph.
A W(X,R)-cutvertex is said to be legal if it is not ι1.
Let H be the unique atomic (R ∪X)-allotting F-factorization, described in Proposi-
tion 3.3. We say that X is R-cutvertex-free if, for each H ∈ H, W(X|H , R|H) has no legal
cutvertices. 
4.3. Remarks. We shall speak of W(X,R) only when F is an (R ∪X)-atom, in which
case either X-support(R) = X whence ι(X±1) ⊆ VW(X,R), or |X| = 1 and R = ∅ whence
VW(X,R) = ∅.
In the case where F is an (R ∪X)-atom, we will have the dichotomy that either
W(X,R) has a legal cutvertex and Subroutine 5.2 below constructs an F -basis X ′ such that
X ′-length(R) < X-length(R), or W(X,R) has no legal cutvertices and Theorem 6.1 below
says that F is an R-atom (Gr.
,
α´τoµ-oς ‘no cut’). 
2The graph W(X,R) differs from the currently disused construction of Whitehead(1936A), where the
edges are multiple and subdivided; in particular, his version ofW(X,X) has 4|X | non-basepoint cutvertices.
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5. Whitehead’s cutvertex algorithm
5.1. Definition. For any y ∈ X±1 and any map γ : X±1 → {1, y} such that γ(y−1) = γy, we
say that the F-basis {(γx)−1·x·γ(x−1) : x ∈ X} is a Whitehead transform of X . 
Whitehead, Stong, Stallings, and others gave variants of the following.
5.2. Subroutine. Suppose that F is an (R ∪X)-atom and that we have some z ∈ X±1 such
that ιz is a W(X,R)-cutvertex. We shall construct a Whitehead transform X ′ of X such
that X ′-length(R) < X-length(R).
Set V := VW(X,R). Then V−{ι1} = ι(X±1), since F is an (R ∪X)-atom and V 6= ∅.
Step 1. We now find a y ∈ X±1 together with an expression of V−{ιy} as the union of
two disjoint, nonempty subsets Vι and Vτ such that all of the following hold: τy ∈ Vτ ; some
W(X,R)-edge joins ιy to Vι; and no W(X,R)-edge joins Vι to Vτ .
Since ιz is a W(X,R)-cutvertex, V−{ιz} equals the union of two disjoint, nonempty
subsets V1 and V2 such that no W(X,R)-edge joins V1 to V2. By interchanging V1 and V2 if
necessary, we may assume that τz ∈ V2. There are two cases.
Case 1.1: Some W(X,R)-edge joins ιz to V1.
Here, we set y := z, Vι := V1, and Vτ := V2.
Case 1.2: No W(X,R)-edge joins ιz to V1.
Here, V is the union of two disjoint, nonempty subsets V +1 := V1 and V
+
2 := V2 ∪ {ιz},
and no W(X,R)-edge joins V +1 to V
+
2 . For each k ∈ {1, 2}, |V
+
k | > 2, since, in
W(X,R), each vertex is touched by some edge, and no edge joins a vertex to itself.
If, for each k ∈ {1, 2}, there exists a (necessarily nonempty) subset Xk of X such that
V +k −{ι1} = ι(X
±1
k ), then each X-turn of R is an Xk-turn for some k ∈ {1, 2}, and then
〈X1〉 ∗ 〈X2〉 is an (R ∪X)-allotting F -factorization, which contradicts the hypothesis
that F is an (R ∪X)-atom. This proves that we can find some y ∈ X±1 such that
ιy ∈ V +1 and τy ∈ V
+
2 . Now ιy is touched by at least one W(X,R)-edge, which must
join ιy to V +1 −{ιy}. Hence, V−{ιy} equals the union of two disjoint, nonempty subsets
Vι := V
+
1 −{ιy} and Vτ := V
+
2 such that τy ∈ Vτ , someW(X,R)-edge joins ιy to Vι, and
no W(X,R)-edge joins Vι to Vτ .
Then y, Vι, and Vτ are defined in both cases. Step 1 is complete.
Step 2. We now find an m ∈ {0,−1} together with a map χ : ι({1} ∪X±1)→ {m,m+1}
such that all of the following hold: every χ-split X-turn of R touches ιy; there exists a χ-split
X-turn of R; χ(ι1) = 0; and χ(ιy) = χ(τy) = m.
There are two cases.
Case 2.1: ι1 ∈ Vι.
Set m := −1, and let χ : ι({1} ∪X±1)→ {0,−1} be the map which carries Vι to {0}
and carries Vτ ∪ {ιy} to {−1}. Then χ(ι1) = 0 and χ(ιy) = χ(τy) = −1 = m.
Case 2.2: ι1 6∈ Vι.
Set m := 0, and let χ : ι({1} ∪X±1)→ {0, 1} be the map which carries Vτ ∪ {ιy, ι1}
to {0} and carries Vι to {1}. Then χ(ι1) = χ(ιy) = χ(τy) = 0 = m.
Then m and χ are defined in both cases, and the χ-split X-turns of R are precisely the
W(X,R)-edges which join ιy to Vι, of which there exists at least one. Step 2 is complete.
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Step 3. For each x ∈ X±1, set x′ := y−χ(ιx)xyχ(τx). Then (x′)−1 = (x−1)′ , y′ = y, and
X ′ := {x′ : x ∈ X} is a Whitehead transform of X . To prove X ′-length(R) < X-length(R)
it suffices to fix an arbitrary r ∈ R and prove that
(5.2.1) X ′-length(r) 6 X-length(r) minus the number of χ-split X-turns of r.
Set ℓ := X-length(r) > 1; then r possesses some X±1-sequence (x1, x2, . . . , xℓ). If r is an
F -element, set x0 := xℓ+1 := 1; if r is an F -conjugacy class, set x0 := xℓ and xℓ+1 := x1.
Each X-turn of r equals (τxi, ιxi+1) for some i ∈ {0, 1, . . . , ℓ}; here, χ
(
{τxi, ιxi+1} − {ιy}
)
contains exactly one element, which will be denoted ni. Set
g :=
ℓ∏
i=1
(y−ni−1xiy
ni) = y−n0(
ℓ∏
i=1
xi)y
nℓ.
If r is an F -element, then n0 = χ(τx0) = 0 and nℓ = χ(ιxℓ+1) = 0; here, g = r. If r is an
F -conjugacy class, then n0 = nℓ; here, g ∈ r. To prove (5.2.1) it suffices to prove that, for
each i ∈ {1, 2, . . . , ℓ},
(5.2.2) y−ni−1xiy
ni =


1 if (τxi−1, ιxi) is χ-split with ιxi = ιy,
1 if (τxi, ιxi+1) is χ-split with τxi = ιy,
xi
′ otherwise.
There are three cases.
Case 3.1: (τxi−1, ιxi) is χ-split with ιxi = ιy; equivalently, ni−1 6= χ(ιxi).
Here, ni−1 = m+1, τxi 6= ιy, ni = χ(τxi) = m, and (5.2.2) holds.
Case 3.2: (τxi, ιxi+1) is χ-split with τxi = ιy; equivalently, ni 6= χ(τxi).
Here, ιxi 6= ιy, ni−1 = χ(ιxi) = m, ni = m+1, and (5.2.2) holds.
Case 3.3: ni−1 = χ(ιxi) and ni = χ(τxi).
Here, y−ni−1xiy
ni = y−χ(ιxi)xiy
χ(τxi) = xi
′, and (5.2.2) holds.
Step 3 is complete.
Subroutine 5.2 is complete. 
5.3. Whitehead’s cutvertex algorithm. Given (X,R), this algorithm applies Propo-
sition 3.3 to find the unique atomic (R ∪X)-allotting F-factorization H, and then ei-
ther (A) finds some H ∈ H and some legal W(X|H, R|H)-cutvertex, or (B) determines
that X is R-cutvertex-free. For (B), it outputs X , and stops. For (A), as H is an
(R|H ∪X|H)-atom, Subroutine 5.2 gives a Whitehead transform (X|H)
′ of X|H such that
(X|H)
′-length(R|H) < (X|H)-length(R|H), and now the process starts anew with X re-
placed with X ′ := (X−(X|H)) ∪ (X|H)
′, which is a Whitehead transform of X such that
X ′-length(R) < X-length(R). This algorithm eventually outputs anR-cutvertex-free F-basis,
and stops. 
5.4. Definition. We say that X is R-minimizing if X ′-length(R) > X-length(R) for each
Whitehead transform X ′ of X . 
Algorithm 5.3 shows the following.
5.5. Corollary. R-minimizing F-bases are R-cutvertex-free F-bases. 
5.6. Whitehead’s minimizing algorithm. Since X-length(R) is finite and there exist
only finitely many Whitehead transforms of any F-basis, one may find by trial and error
a sequence of Whitehead transforms of F-bases which strictly decreases length(R) at each
step, and eventually outputs an R-minimizing F-basis. 
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6. The strengthened cutvertex lemma
We now show that if X is R-cutvertex-free, then the unique atomic (R ∪X)-allotting
F-factorization is an atomic R-allotting F-factorization. Whitehead, Stong, Stallings, and
others proved cases of the following.
6.1. Theorem. If F is an (R ∪X)-atom but is not an R-atom, then W(X,R) has a legal
cutvertex.
Proof, following Dicks(2014). Since F is not an R-atom, there exists an R-allotting F -fac-
torization H1∗H2.
Fix any ~ ∈ (H1 ∪H2)−{1}. There exists an f ∈ F such that the reduced X
±1-sequence
for ~f is cyclically reduced. If R consists of F -conjugacy classes, then Hf1 ∗H
f
2 is an R-allot-
ting F -factorization, and we replaceH1, H2, ~ withH
f
1 , H
f
2 , ~
f , respectively, and take f = 1.
This will be used near the end of the proof.
Since F is an (R ∪X)-atom, the R-allotting F -factorization H1∗H2 cannot be X-allotting.
Hence, X−(H1 ∪H2) 6= ∅. This is the important condition. Notice that |X| > 2.
Let λ : (H1 ∪H2)−{1} → {1, 2} be the map such that λ(Hk−{1}) = {k}, k = 1, 2. Con-
sider any g ∈ F . There exists a unique expression g = h1h2 · · ·hn such that n is a finite cardi-
nal, hj ∈ (H1 ∪H2)−{1} for 1 6 j 6 n, and λ(hj) 6= λ(hj−1) for 2 6 j 6 n. If n = 0, we set
κ(g) := 0, while if n > 1, we set κ(g) := λ(h1) ∈ {1, 2}; we then have a map κ : F → {0, 1, 2}.
If n > 1, it is not difficult to show by induction on n that
{v ∈ F : κ(vg) 6= κ(v)} = {h−1j · · ·h
−1
2 h
−1
1 : 0 6 j 6 n}.
We record the three important consequences.
For each x ∈ X±1,
∣∣{v ∈ F : κ(vx) 6= κ(v)}∣∣ <∞.(6.1.1)
There exist x ∈ X−(H1 ∪H2) and v ∈ F−{1, x
−1} such that κ(vx) 6= κ(v).(6.1.2)
For each h ∈ H1 ∪H2 and each w ∈ F−{1, h
−1}, κ(wh) = κ(w).(6.1.3)
For each reduced X±1-sequence (x1, x2, . . . , xℓ) and each i ∈ {0, 1, . . . , ℓ}, we say that
x1x2 · · ·xℓ is a prolongation of x1x2 · · ·xi. If ℓ > 1, we set ∂(x1x2 · · ·xℓ−1xℓ) := x1x2 · · ·xℓ−1.
For each v ∈ F , let v⋆ denote the set of all prolongations of v. Let T denote the graph
with VT = F and ET =
{
(∂u, u) : u ∈ F−{1}
}
⊆ F × F . It is not difficult to see that T is
a tree oriented away from 1. Each T -edge is of the form (v, vx) for some (v, x) ∈ F ×X±1;
since X±1 is finite, it follows from (6.1.1) that only finitely many T-edges are κ-split. For
each (v, x) ∈ F ×X±1, one of (v, vx) and (vx, v) is a T-edge; it follows from (6.1.2) that
some κ-split T-edge does not touch 1. We may therefore fix, for the remainder of the proof,
a κ-split T-edge (v, vx+), v ∈ F , x+ ∈ X
±1, which maximizes X-length(v); as some κ-split
T-edge does not touch 1, the maximality of X-length(v) implies that v 6= 1. Clearly, vx+ 6= 1.
By interchanging H1 and H2 if necessary, we may assume that κ(v) = 1 and κ(vx+) = 2.
Set x− := (v
−1)(∂v) ∈ X±1; then (vx−, v) is a T-edge and x− 6= x+.
For each x ∈ X±1−{x−}, (v, vx) is a T -edge, (v)(x⋆) = (vx)⋆, (vx)⋆ is the vertex-set of a
subtree of T whose edges are κ-bonded by the maximality of X-length(v), and, hence, κ is
constant on (vx)⋆.
Since |X| > 2 and F is an (R ∪X)-atom, VW(X,R) = ι(X±1) ifR consists of F -conjugacy
classes, and VW(X,R) = ι({1} ∪X±1) if R contains an F -element. We shall show that ιx−
is a W(X,R)-cutvertex.
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We define a map χ : ι({1} ∪X±1)→ {0, 1, 2} by ιx 7→ χ(ιx) := κ(vx). Here, if x 6= x−,
then vx 6= 1 and, hence, χ(ιx) ∈ {1, 2}. Now ι({1} ∪X±1−{x−}) equals the union of two
disjoint subsets V1 and V2 with χ(Vk) = {k}, k = 1, 2. Notice that ι1 ∈ V1 and ιx+ ∈ V2.
The key fact. For each h ∈ H1 ∪H2, no X-turn of h joins V1 to V2.
Proof of the key fact. Let (x1, x2, . . . , xℓ) denote the reduced X
±1-sequence for h, and set
x0 := xℓ+1 := 1. Each X-turn of h equals (τxi, ιxi+1) for some i ∈ {0, 1, . . . , ℓ}, and it suffices
to show that this does not join V1 to V2. In particular, we may assume that it does not
touch ιx−, that is, x− 6∈ {x
−1
i , xi+1}. In F , set
w := vx−1i x
−1
i−1 · · ·x
−1
1 ; then wh = vxi+1xi+2 · · ·xℓ.
It now suffices to prove the middle three equalities in
χ(τxi)
def χ
= κ(vx−1i ) = κ(w) = κ(wh) = κ(vxi+1)
def χ
= χ(ιxi+1).
We first show that 0 6= κ(vx−1i ) = κ(w). If i = 0, then vx
−1
i = v = w. If i 6= 0, then
x−1i ∈ X
±1−{x−}; here, κ is constant on (vx
−1
i )⋆ = (v)(x
−1
i ⋆) ⊇ {vx
−1
i , w}. In both cases,
the desired result is clear.
We next show that κ(wh) = κ(vxi+1) 6= 0. If i = ℓ, then wh = v = vxi+1. If i 6= ℓ, then
xi+1 ∈ X
±1−{x−}; here, κ is constant on (vxi+1)⋆ = (v)(xi+1⋆) ⊇ {vxi+1, wh}. In both cases,
the desired result is clear.
As w 6= 1 6= wh, κ(w) = κ(wh) by (6.1.3). This completes the proof of the key fact. 
If R consists of F -conjugacy classes, then the reduced X±1-sequence for ~ is cyclically re-
duced. Here, ~, ~−1 ∈ (H1 ∪H2)−{1}, and at least one of ~, ~
−1 has a reduced X±1-sequence
which ends with an element y of X±1−{x−} and then has (τy, ι1) as an X-turn. By the key
fact, τy ∈ V1, whence V1−{ι1} 6= ∅.
It now suffices to show that no W(X,R)-edge joins V1 to V2 in W(X,R) ∪ {ι1}. Consider
any r ∈ R. It suffices to show that no X-turn of r joins V1 to V2. By the key fact, it suffices
to find some h ∈ H1 ∪H2 such that X-turns(r) ⊆ X-turns(h). Since H1∗H2 is an R-allotting
F -factorization, either r is an F -element, r ∈ H1 ∪H2, and we may take h = r, or r is an
F -conjugacy class, r contains some element h′ ofH1 ∪H2, whence X-turns(r) ⊆ X-turns(h
′2),
and we may take h = h′2. 
6.2. The strengthened cutvertex lemma. If F is any finite-rank free group, R any
finite set that consists of nontrivial F -elements and nontrivial F -conjugacy classes, and
X any R-cutvertex-free F-basis, then the unique atomic (R ∪X)-allotting F-factorization is
an atomic R-allotting F-factorization.
Proof. Let H be the atomic (R ∪X)-allotting F-factorization, and consider any H ∈ H.
Then H is an (R|H ∪X|H)-atom, andW(X|H , R|H) has no legal cutvertices. By Theorem 6.1,
H is an R|H -atom, as desired. 
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